This paper studies the out of sample risk reduction of global minimum variance portfolio. The analysis are drown from the discussions of Jagannathan and Ma (2003) 
INTRODUCTION
nspired by the results reported by Nielsen and Aylusubramanian (2008) and Poullaouec (2008) , this research is focused on the Global Minimum Variance Portfolio (GMVP) performance of global assets.
As analytically described by Chan et al. (1999) , predicting variance covariance matrix estimation from history is not necessarily inaccurate. Based on the authors, the out of sample Sharpe Ratios among different minimum variance models vary from 0.64 to 0.69.
One of the main debates in portfolio optimization, however, is whether allowing security weights to take negative values or not. Green and Hollifield (1992) argue that extreme short or long positions, due to the dominance of the single factor in the covariance structure of returns, is unlikely to be due to sampling error. Extreme short positions, however, due to market regulations and other factors, are not always feasible solutions. Clarke et al (2011) , present an analytical solution for optimal portfolio weights when short selling is not allowed. They show empirically that the portion of GMVP risk attributed to the single factor (market) model varies from 80%-90%. This result suggests that there may be imposed some structure to the covariance matrix, which would reduce the number of parameters to be estimated. Wolf (2003, 2004) addressed this issue by developing a shrinkage estimator model for the variance-covariance matrix, which is a weighted average of the sample covariance matrix (S) and the covariance matrix estimated using a single factor model or constant correlation model (F). They justify the approach by considering the singularity characteristic of the sample covariance matrix 1 and the maximum likelihood estimators
RESEARCH METHODOLOGY
The methodology of this paper follows closely the one used from Behr et al. (2008) . This section is divided in two parts.
First it is described the variance-covariance matrix estimation approach and optimization. Then, it is briefly explained the inclusion of transaction costs.
Portfolio Optimization
Frequently mentioned in the finance literature, the estimation error of the variance covariance-matrix of returns is much less significant in optimization than expected return. The problem, however, still exists, and, as the work of Chan et al. (1999) points out, there is no simple answer for the model to be used in forecasting the variance covariance matrix of returns.
There are three widely used models for dealing with estimation error of the covariance matrix of returns: the factor models, shrinkage estimators and portfolio weight constrains.
In line with Jagannathan and Ma (2003), Chan et al. (1999) and DeMiguel et al. (2009a) , this paper iuses the sample variance-covariance matrix estimation technique. Another reason for using such a technique is that it is very ad hoc to develop a shrinkage estimator or factor model on a global assets level and for each asset class globally. The establishment of risk factors to include in shrinkage estimators or factor models for forecasting the variance-covariance matrix of returns in this context is hard and much an empirical exercise rather than fundamental conclusion.
This work employs the minimum variance portfolio as per Markowitz (1952) portfolio selection framework. The variance-covariance matrix estimation period is a tradeoff between statistical confidence and possibility of inclusion of irrelevant data. In accordance with Chan et al. (1999) and Jagannathan et al. (2003) the estimation window is 60 months for GMVPs constructed by monthly returns. Optimization is performed on a rolling sample basis with one year and three year revision frequency.
The traditional estimator for the sample covariance matrix S is given by the formula: (1) where T is the sample size, is the N * 1 vector of stock return at time t, and represents the sample mean of these returns. Given the estimated sample covariance matrix, the Global Minimum Variance Portfolio (GMVP) is the solution of the minimization exercise given by the formula:
where Wi,t denotes the weight of asset i at period t. The constraint in equation 3 implies that the total portfolio weight, including short positions, should sum up to 1. This is the classical unconstrained minimum variance portfolio, where the optimization exercise may result in just a few assets with extreme long and short positions included in the portfolio. The Clute Institute
The work of Jagannathan and Ma (2003) introduces the shrinkage like effect of the additional no short sale constrain and upper bound constraint, presented below in equation 4 and 5, of minimum variance portfolio since both of them have delivered accordingly promising out of sample performance results.
The risk reduction characteristics of three portfolios, namely unconstrained, no short sale constrained, no short sale and upper bound constrained for global assets, global equities, and global bond GMVP are analyzed in this paper.
Transaction Costs
Transaction costs in the time series of portfolio returns are calculated in accordance with the methodology suggested by Balduzzi and Lynch (1999) and further developed in the work of DeMiguel et al. (2009a) for the three minimum variance portfolios and the benchmarks. Let Rp denote the portfolio return before the revision, which is given by the formula:
The rebalance of the portfolio at time t+1 will upsurge a trade with a magnitude of |Wi,t+1 -Wi,t|. Let c denote the proportional transaction cost 2 . After each revision period the overall transaction cost will be:
The Wealth net of transaction cost at time t+1 can be written as: (8) The Return net of transaction cost is given:
The same approach is repeated at the end of each period for all portfolios and benchmarks. The revision frequency for the GMVP is assumed one year and three years. Since benchmarks, in general, are passive portfolio strategies that are characterized by low management costs and low trading volumes, we adopt a less frequent portfolio rebalancing for the value and equally weighted benchmark.
DATA
The data used in this research are monthly returns of regional bond, equity indices and global oil, gold indices chosen from DATASTREAM database software package available at ALBA Graduate Business School. The period under consideration is December 1996 -May 2013. Table 1 lists the global asset portfolio indices. For equity and bonds the world is assumed divided in four regions, in order to identify different risk-return profiles from each other. Moreover, the bond market for Europe and US, is divided in corporate and government sections for encompassing a clearer picture of which segment affects the performance behavior of GMVP and/or benchmarks, since more indices with longer time series are available For Barclays Emerging Market World All Series bond index DATASTREAM reports capital gains, but not total returns (including coupon). We add a total yearly return of 5% split monthly for approximating the coupon rate. The modification refers to the capital gain/coupon rate features of the Barclays EM Bond Indices. On May 23, 2014 reports a Yield To Maturity (YTM) of approx. 5.8% and capital gain of approximately 1%, at Benchmark Index Returns -daily updates from Barclays. We assume that the current yield of the index has been constant through all the period under consideration. Oil Index The table reports the indices used for constructing through optimization the global minimum variance portfolio of the global assets that comprises stocks, bonds, gold and oil. The time series of monthly returns are taken into consideration for each index. The data are available for the period December 1996 -May 2013. The same data are used to construct benchmark number 2, the equally weighted portfolio (1/N). The source is DATASTREAM database package available at ALBA Graduate Business School.
The value weighted benchmark of the global asset minimum variance portfolio is the portfolio invested 60% on MSCI WORLD INDEX (equity global index) and 40% in JPM GLOBAL BROAD INDEX (bond global index), a common benchmark, as emphasized by Hensel and Ziemba (1995) and Asness et al (2012) , used to assess investment performance among different asset classes. The second benchmark is the equally weighted portfolio constructed with the twelve indices included in Table 1 . The benchmarks are rebalanced every 5 years.
Referring to the global bond portfolio, in addition to the previous indices, there are added two spreads reflecting risk premium of global long term government bonds in excess to short term government bonds and risk premium of global corporate bonds in excess to long term government bonds. This choice is made to observe how spread strategies reflecting differences in risk affect the optimization and performance of GMVP and benchmark.
The value weighted benchmark of the bond GMVPs is JPM GLOBAL BROAD INDEX and the second benchmark is the equally weighted portfolio invested in GMVP constituents. The second benchmark is rebalanced every 5 years.
The global oil index and global gold index are included in the equity portfolio due to the similarity of their risk-return attitude with the equity indices. Two spread strategies, representing the global risk premium of small capitalized stocks in excess to large capitalized and global risk premium of value stocks in excess to growth stocks, are considered in global equity portfolio.
The value weighted benchmark of the equity GMVP is the MSCI WORLD INDEX. The second benchmark is the equally weighted portfolio of GMVP constituents. The second benchmark is rebalanced every five years. All returns used in this research are EURO returns.
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EMPIRICAL ANALYSIS
Considering the performance statistics from the portfolio constituents 3 , stocks seem to be riskier than bonds in terms of standard deviation of returns on a global level.
What seems more interesting, however, is the extent for international diversification implied by Tables 2 where the correlation matrix among global assets, global bonds and global stock indices for the period under consideration is presented. monthly return correlation matrix of the global asset portfolio constituent indices. The acronym "G." stands for "Government. The acronym "C" stands for "Corporate". The acronym "S" stands for "Stocks". The acronym "I" stands for "Index". The number of observations is 197.
The minimum (maximum) correlation coefficient of global asset presented in Table 2 is -0.33 (0.94), while the min-max correlation range for global bond (-0.65-0.94) and stock (-0.14-0.79) indices show the similar diversification appeal. Moreover, 75% (20%) of the correlation coefficient of global assets in table 2 are lower than 0.5 (0). Global bond and stock portfolio constituents experience analogous covariation for the period under consideration.
These results signal the insight that the minimum variance optimization exercise applied in the global framework results in some interesting findings regarding risk reduction portfolio strategies highly mentioned in the literature.
This section continues with the analysis of risk reduction of GMVPs. Section 4 closes with the analysis of one special case, the implication in GMVP results from the change in revision frequency (from one year to three years). The Clute Institute
GMVP Risk Reduction
Referring to the results presented in Table 3 , monthly unconstrained GMVPs experienced the best out of sample performance in terms of risk reduction. This observation is valid for the global asset, global bond, global equity GMVPs and respective benchmarks. When 50 bps transaction cost is imposed, however, the no short sale constrained minimum variance portfolio of global asset standard deviation (2.55%) is lower than the standard deviation of unconstrained GMVP (2.66%), no-short sale and upper bound constrained GMVP (4.97%), value weighted (7.87%) and equally weighted (8.34%) benchmark.
These deductions are consistent in the change of revision frequency from one year to three years, as can be evidenced from table 4. Furthermore, for the global asset and global bond portfolio case, less frequent revision generally 4 show in a slight decrease of out of sample risk. This is not the case of global stock GMVPs, where risks seem to decrease when portfolios are rebalanced more frequently. This mixed result is consistent with the suggestion of Behr et al (2008) , who advise more research regarding the causality between revision frequency and standard deviation. The table reports the monthly optimization annualized first and second moments of returns results. The annualized maximum and minimum return for the period under observation for the unconstrained, constrained and maximum constrained GMVPs of global asset class portfolio, global bond portfolio, global equity portfolio and related benchmarks after the sample covariance matrix is estimated as described in the methodology section and optimization is run. The portfolio rebalancing/reinvestment period is one year. Monthly realized returns are net of transaction costs, which were assumed 50 bps or 25 bps and applied as described in equation (8) .
Upper bound constrained GMVP strategies, however, in all scenarios, experience a higher return than other portfolio strategies, except the equally weighted portfolio. Results remain the same with the change of revision frequency. For the global asset and global equity case, however, GMVPs restricted by no-short sale and maximum weight, experience, regardless the transaction cost imposed, higher expected return when portfolios are rebalanced more frequently.
The main conclusion from this section is that, no matter the assumed revision frequency or transaction cost, unconstrained GMVPs seem to experience a lower out of sample risk as compared with constrained GMVPs and benchmarks for the global asset, bond and stock case. Whether risk reduction is statistically significant, however, it is not examined in this paper. Max constrained GMVP strategy appears the best strategy for investors who prefer higher expected return independently from the risk. monthly optimization annualized first and second moments of returns results. The annualized maximum and minimum return for the period under observation for the unconstrained, constrained and maximum constrained GMVPs of global asset class portfolio, global bond portfolio, global equity portfolio and related benchmarks after the sample covariance matrix is estimated as described in the methodology section and optimization is run. The portfolio rebalancing/reinvestment period is one year. Monthly realized returns are net of transaction costs, which were assumed 50 bps or 25 bps and applied as described in equation (8).
CONCLUDING REMARKS
This paper studies the risk reduction features of of global minimum variance portfolios for global assets, global stocks and global bonds. In this study, the world is divided in four regions: US, Europe, Asia -Pacific and Developing Countries. International indices of stocks, corporate/government bonds, spreads, oil and gold monthly returns served as input in the optimization exercise. GMVPs are derived using the unrestricted and upper/lower bound restricted portfolio weights in the sample covariance matrix methodology introduced by Jagannathan and Ma (2003) .
Unconstrained GMVPs seem to provide the greatest reduction of risk, while most restrictive minimum variance portfolios result in the highest return, which is valid for global assets, and segmented markets of stocks and bonds. This result does not change independently from the transaction costs or revision frequency.
